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Abstract. Given a rational homology 3-sphere M with \Hi{M,Z)\ = b and a link L inside M, 
colored by odd numbers, we construct a unified invariant Im,l belonging to a modification of 
the Habiro ring where b is inverted. Our unified invariant dominates the whole set of the iSO(3) 
Witten-Reshetikhin-Turaev invariants of the pair (M, L). If = 1 and L = 0, Im coincides 
with Habiro's invariant of integral homology 3— spheres. For b > 1, the unified invariant defined 
by the third author is determined by Im- One of the applications are the new Ohtsuki series 
(perturbative expansions of Im at roots of unity) dominating all quantum SO (3) invariants. 



Introduction 

Background. The SU (2) Witten-Reshetikhin-Turaev (WRT) invariant is defined for any cfosed 
oriented 3-manifold M and any root of unity ^ |30]. Kirby and Melvin [l3j introduced the 5*0(3) 
version of the invariant tm{C) S Q(^) for roots of unity ^ of odd order. If the order of ^ is 
prime, then by the results of Murakami [55] (also Masbaum-Robcrts [H]), tm{C) is an algebraic 
integer. This integrality result was the starting point for the construction of finite type 3-manifold 
invariants. Ohtsuki series [25j . integral TQFTs, representations of the mapping class group over 
and catcgorification of quantum 3-manifold invariants [TT]. The proofs in [53] and [H] 
depend heavily on the arithmetic of Z[^] for a root of unity ^ of prime order and do not extend to 
other roots of unity. 

Is it true that tm{C) is always an algebraic integer (belongs to even when the order of ^ 

is not a prime? The positive answer to this question was given first for integral homology spheres 
by Habiro [7], and then for arbitrary 3-manifolds by the first and third author [3], in connection 
with the study of "strong integrality" . 

What Habiro proved for integral homology 3-spheres is actually much stronger than integrality. 
For any integral homology 3-sphere M, Habiro [7] constructed a unified invariant Jm whose 
evaluation at any root of unity coincides with the value of the Witten-Reshetikhin-Turaev invariant 
at that root. Habiro's unified invariant Jm is an element of the following ring (Habiro's ring) 

:= lim --, where {q;q)k = \\{l - q^). 

Every element f(q) G Z[(7] can be written as an infinite sum 

./(?) = EA-('?)(1-9)(1-9')-(1-9'), 

k>0 

with fk{q) G ^[qI- When q — ^, a, root of unity, only a finite number of terms on the right hand side 
are not zero, hence the right hand side gives a well-defined value, called the evaluation ev^{f{q)). 
Since fk{q) & ev^(/(9)) & ^[C] is an algebraic integer. The fact that the unified invariant 

belongs to Z[q] is stronger than just integrality of tm{£,)- We will refer to it as "strong" integrality. 

The Habiro ring has beautiful arithmetic properties. Every element f{q) € can be consid- 
ered as a function whose domain is the set of roots of unity. Moreover, there is a natural Taylor 
series for / at every root of unity. Two elements f,g€ "^Iq] are the same if and only if their Taylor 
series at a root of unity coincide. In addition, each function /(g) € Z[g] is totally determined by 
its values at, say, infinitely many roots of order 3", n G N. Due to these properties the Habiro ring 
is also called a ring of "analytic functions at roots of unity" [7]. Thus belonging to Zlq] means that 
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the collection of the 50(3) WRT invariants is far from a random collection of algebraic integers; 
together they form a nice function. 

Perturbative expansion at 1 of WRT invariants for rational homology 3-spheres was first con- 
structed by Ohtsuki in the case when the order of the quantum parameter ^ is prime . General 
properties of the Habiro ring imply that for any integral homology 3-sphere M, the Taylor expan- 
sion of the unified invariant Jm at g = 1 coincides with the Ohtsuki series and dominates WRT 
invariants of M at all roots of unity (not only of prime order). 

To generalize Habiro's results to rational homology 3-spheres, new ideas and techniques arc 
required. Strong integrality of quantum invariants for rational homology 3-spheres was studied in 
and Among other things, in [Hj a unified invariant was constructed for the case when the 
order r of the quantum parameter ^ is coprime with b. In [3] , it was proved that for any 3-manifold 
M (not necessary a rational homology 3-sphere), the 50(3) WRT invariant tm{C) is always an 
algebraic integer, i.e. tj\/(^) € Z[^] with no restriction on the order of ^ at all. There we used 
a (2nd order) Laplace transform method [2] and a difficult identity of Andrews [T] in g-calculus, 
generalizing those of Rogers-Ramanujan. 

Thus, although we have had integrality of all S0(3) WRT invariants, we still lacked a "strong 
integrality" for the case when (r, h) ^ 1. This is the main object of this paper. 

In this paper we will generalize Habiro's construction of the unified invariant to all rational 
homology 3-sphercs. Our new unified invariant Im dominates SO (3) WRT invariants also in the 
case when the order r of the quantum parameter is not coprime with b = \Hi{M ,'L)\. Although 
this includes the case (r, 6) = 1 of [H] , the ring our invariant belongs to is simpler than the one 
obtained in |15j and [3]. In particular, we don't need any fractional power of q. We show that 
the Taylor expansion of our unified invariant at a root of unity of order c (new Ohtsuki series) 
dominates all WRT invariants with r = cl and {l,b) = 1. 

For rational homology 3-spheres the universal finite type invariant was constructed by Le, 
Murakami and Ohtsuki [H]. It determines Ohtsuki series and, hence, {tm{0 \ (ord(^), 6) = 1} [TS] . 
An interesting open question is whether the Le-Murakami-Ohtsuki invariant determines Im- 

Results. The WRT or quantum 50(3) invariant tm.l{0 is defined for a pair of a closed 3- 
manifold M and a link L in it, with link components colored by integers. Here ^ is a root of unity 
of odd order. We will recall the definitions in Section [TJ 

Suppose M is a rational homology 3-sphere, i.e. \Hi{M,Z)\ := card_ffi(A/, Z) < oo. There is a 
unique decomposition Hi{M, Z) = IjbiL^ where each bi is a prime power. We rcnormalizc the 
50(3) WRT invariant of the pair (Af,L) as follows: 

■^m,l(0 



(1) ri/.L(0 = 



n r^iu^m ' 



where L{b,a) denotes the {b,a) lens space. We will see that Tj:^(b,i){0 is always nonzero. 
For any positive integer b, we define the cyclotomic completion ring TZj, to be 

(2) 7^fc:=limMM, ^^^^^ {q; q% ^ (1 - q)il - q^) . . . {I - q^'^-^). 

nr ((?;<? )&) 

For any f{q) € TZb and a root of unity ^ of odd order, the evaluation cv^{f{q)) :— /(^) is well- 
defined. Similarly, we put 

S, lini ^ 

Here the evaluation at any root of unity is well-defined. For odd 6, there is a natural embedding 
Sb ^ TZb, see Section [31 

Let us denote by Mb the set of rational homology 3-spheres such that \Hi{M,Z)\ divides 6" 
for some n. The main result of this paper is the following. 

Theorem 1. Suppose the components of a framed oriented link L d M have odd colors, and 
M G Mb- Then there exists an invariant Imx G Ti-b, such that for any root of unity ^ of odd order 

ev^{lM,L) = t'mAO - 
In addition, if b is odd, then Im^l G Sb- 
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If 6 = 1 and L is the empty link, Im coincides with Habiro's unified invariant Jm- 
The proof of Theorem [T] uses the Laplace transform method and Andrew's identity. We also 
construct a Frobenius type isomorphism to get rid of the formal fractional power of q that appeared 
in [T3], [3]. As a byproduct, we generalize the deep integrality result of Habiro (Theorem 8.2 in 
[7]), underlying the construction of the unified invariants, to a union of an algebraically split link 
with any odd colored one. 

The rings TZb and Sb have properties similar to those of the Habiro ring. An element f{q) G TZb 
is totally determined by the values at many infinite sets of roots of unity (see Section [3]), one special 
case is the following. 

Proposition 2. Let p be an odd prime not dividing b and T the set of all integers of the form 
p^b' with /c G N and b' any odd divisor of b" for some n. Any element f{q) G TZb, and hence also 
{rj\/(^)}, is totally determined by the values at roots of unity with orders in T. 

The Ohtsuki scries [TB] , originally defined through some arithmetic congruence property of 
the 5*0(3) invariant, can be identified with the Taylor expansion of Im at = 1 [3[T5]. We will also 
investigate the Taylor expansions of Im at roots of unity and show that these Taylor expansions 
satisfy congruence relations similar to the original definition of the Ohtsuki series, see Section [H 

Plan of the paper. In Section [T] we recall known results and definitions. In the next section 
we explain the strategy of our proof of Theorem [TJ In Sections [3] and EJ we develop properties of 
cyclotomic completions of polynomial rings. New Ohtsuki series are discussed in Section The 
unified invariant of lens spaces, needed for the diagonalization, is defined in Section [HI The main 
technical result of the paper based on Andrew's identity is proved in Section [7] The Appendix is 
devoted to the proof of the generalization of Habiro's integrality theorem. 

Acknowledgments. The authors would like to thank Kazuo Habiro and Christian Krattenthaler 
for helpful remarks and stimulating conversations. 

1. Quantum (WRT) invariants 

1.1. Notations and conventions. We will consider g^/^ as a free parameter. Let 

{n} = q-l^-q-'\ M! = W = 

We denote the set {1, 2, 3, . . .} by N. We also use the followmg notation from g-calculus: 

n 

(.T;g)„ :=[](l-xg^'-i). 

Throughout this paper, ^ will be a primitive root of unity of odd order r and e„ :~ exp(27r//?i). 

All 3-manifolds in this paper arc supposed to be closed and oriented. Every link in a 3-manifold 
is framed, oriented, and has components ordered. 

In this paper, LU L' denotes a framed link in with disjoint sublinks L and L', with m and 
I components, respectively. Surgery along the framed link L transforms {S^,L') into {AI,L'). We 
use the same notation L' to denote the link in 5''^ and the corresponding one in M. 

1.2. The colored Jones polynomial. Suppose L is a framed, oriented link in with m ordered 
components. For positive integers ni, . . . ,nm, called the colors of L, one can define the quantum 
invariant JL(ni, . . . , n,n) G l\q^^l'^\, known as the colored Jones polynomial of L (see e.g. [301 USD- 
Let us recall here a few well-known formulas. For the unknot U with framing one has 

(3) Jv{n) = N. 

If L\ is obtained from L by increasing the framing of the zth component by 1, then 

(4) JL,(ni, . . . ,n™) = (7("'-i)/VL(ni, . . . , n^). 
If all the colors arc odd, then JL(ni, . . . , n™) G Z[q^^]. 



n 
k 



M! 



{k}l{n-k}\' 
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1.3. Evaluation and Gauss sums. For each root of unity ^ of odd order r, we define the evalu- 
ation map evj by replacing q with ^. 

Suppose f{q;ni, . . . ,n,n) is a function of variables q^^ and integers ni, . . . ,nm- In quantum 
topology, the following sum plays an important role 

X!''/ X! ev^f{q;ni,...,n^) 

ni 0<ni<2r 
rii odd 

where in the sum all the rii run over the set of odd numbers between and 2r. 
In particular, the following variation of the Gauss sum 



76 



is well-defined, since for odd n, 4 | — 1. It is known that, for odd r, \'yb{(,)\ never 0. 



1.4. Definition of the WRT invariant. Suppose the components of L' are colored by fixed 
integers ji , . . . , ji . Let 

rrt ^ 

[rii 

rii i—1 ) 

An important special case is when L = , the unknot with framing & 7^ 0, and L' — 0. In that 
case (C) can be calculated using the Gauss sum and is nonzero, see Section [HI below. 

Let (74- (respectively cr_ ) be the number of positive (negative) eigenvalues of the linking matrix 
of L. Then the quantum 50(3) invariant of the pair {M,L') is defined by (see e.g. [THl I30j ) 

The invariant tj^jx' (C) is multiplicative with respect to the connected sum. 

For example, the 50(3) invariant of the lens space L{b, 1), obtained by surgery along U^, is 

were sn(6) is the sign of the integer b. 

Let us focus on the special case when the linking matrix of L is diagonal, with &i, 62, • • • , bm on 
the diagonal. Assume each hi is a power of a prime up to sign. Then Hi{M, Z) = ©"=iZ/|6i|; and 

(T-|_ = card{i I hi > 0}, cr_ = cardji | bi < 0}. 

Thus from the definitions ^ and ^ we have 

FLuL'iO 



(7) r;,^L'(0= n^^(6.,i)(0 

with 



nZiFu^.ii) 



J , _ ^L(fc.,l)(0 

L(b,.l)lsJ — ^ fc\ ■ 

T^L{\bi\,l)[t.) 



1.5. Habiro's cyclotomic expansion of the colored Jones polynomial. Recall that L and 
U have m and I components, respectively. Let us color L' by fixed j = (ji, . . . , j;) and vary the 
colors n = (rii, . . . , rim) of L. 

For non-negative integers n, k we define 

._ nto(g" + g-"-g--g-0 

(l-<z)(<z^+i;g).+i • 

For k (fci, . . . , /cm) let 

A(n,k) A(n,,/c,). 
Note that A{n, k) = if kj > nj for some index j. Also 
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A{n,Q)=q-^Ju{ 



^2 



n) 

The colored Jones polynomial JLuL'(n,j), when j is fixed, can be repackaged into the invariant 
CluL'(1*J) stated in the following theorem. 

Theorem 3. Suppose L U L' is a link in , with L having zero linking matrix. Assume the 
components of L' have fixed odd colors j ~ (ji, ■ ■ ■ ji)- Then there are invariants 

(8) CLuL'(k,j) e — ^Y"^— yii Z[(7=^^], where k = ma.x{ki, ... ,k,n} 
such that for every n = (ni, . . . , Um) 

rn 

(9) JLuL'{n,j)l[[n,]= J2 CLuL'iKi) A{n,k). 

1=1 0<A:i<Tii-l 

When L' ~ 0, this is Theorem 8.2 in [?]• This generalization, essentially also due to Habiro, can 
be proved similarly as in [7]. For completeness we give a proof in the Appendix. Note that the 
existence of Clul'O^,]) as rational functions in q satisfying ^ is easy to establish. The difhculty 
here is to show the integrality of ([8|). 

Since ^(n, k) = unless k < n, in the sum on the right hand side of ^ one can assume that 
k runs over the set of all m-tuples k with non-negative integer components. We will use this fact 
later. 

2. Strategy of the proof of the main theorem 

Here we give the proof of Theorem [1] using technical results that will be proved later. 

As before, LUL' is a framed link in with disjoint sublinks L and L' , with m and I components, 
respectively. Assume that L' is colored by fixed j = (ji, . . . , j;), with jVs odd. Surgery along the 
framed link L transforms {S^,L') into {M,L'). We will define Im.l' e such that 

(10) = ev5(/M,L') 

for any root of unity ^ of odd order. This unified invariant is multiplicative with respect to the 
connected sum. 

The following observation is important. By Proposition[21 there is at most one element f{q) e TZb 
such that for every root ^ of odd order one has 

rkL(0=ev« (/(<?))■ 
That is, if we can find such an element, it is unique, and we put Im^l' /(?)■ 

2.1. Laplace transform. The following is the main technical result of the paper. A proof will be 
given in Section [71 

Theorem 4. Suppose b = ±1 or b ~ ±p' where p is a prime and I is positive. For any non- 
negative integer k, there exists an element Qh.k G Ti-b such that for every root ^ of odd order r one 
has 

j:W^A{n,k) 

^t-ttn = ev5(Qf,,fc)- 

In addition, if b is odd, Qb.k G Sb. 

2.2. Definition of the unified invariant: diagonal case. Suppose that the linking number 
between any two components of L is 0, and the framing on components of L are bi — ±p^' for 
J = 1, . . . , m, where each pi is prime or 1. Let us denote the link L with all framings switched to 
zero by Lq. 

Using taking into account the framings fo^'s, we have 



1=1 k>0 
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By the definition of F^uL', we liave 

k>0 i=l iii 

From ([7]) and Theorem [H we get 

{m m ^ 

■i=l k 1=1 J 

where the unified invariant of the lens space lL(bi,i) G T^b, with ev^(/i(b.^i)) = r^^j,. ^■((Oi exists 
by Lemma ini below. Thus if we define 

m m 
i=l k 4=1 

then pUj) is satisfied. By Theorem [31 CLnuL'(k,j) is divisible by {q''^^;q)k+i/{l — q), which is 
divisible by {q]q)k, where k = maxfe^. It follows that G ^6- In addition, if b is odd, then 

I{M,L') S Sb- 

2.3. Diagonalization using lens spaces. The general case reduces to the diagonal case by 
the well-known trick of diagonalization using lens spaces. We say that M is diagonal if it can 
be obtained from S'^ by surgery along a framed link L with diagonal linking matrix, where the 
diagonal entries arc of the form -izp^ with p = 0, 1 or a prime. The following lemma was proved in 
[T^ Proposition 3.2 (a)]. 

Lemma 5. For every rational homology sphere M, there are lens spaces L{bi,ai) such that the 
connected sum of M and these lens spaces is diagonal. Moreover, each hi is a prime power divisor 
of\Hi{M,Z)\. 

To define the unified invariant for a general rational homology sphere M, one first adds to M lens 
spaces to get a diagonal M', for which the unified invariant Im' had been defined in Subscction l2.2l 
Then Im is the quotient of Im' by the unified invariants of the lens spaces. But unlike the simpler 
case of [15j . the unified invariant of lens spaces are not invcrtible in general. To overcome this 
difficulty we insert knots in lens spaces and split the unified invariant into different components. 
This will be explained in the remaining part of this section. 

2.4. Splitting of the invariant. Suppose p is a prime divisor of b, then it's clear that TZp C TZb- 
In Section [3] we will see that there is a decomposition 

Ub - X uf, 

with canonical projections ttq : TZb T^l '^ and ir^ : TZb ^ TZ^'^ . If / £ 7^^'" then ev^(/) can 
be defined when the order of ^ is coprimc with p; and in this case CY(_{g) ~ ev^(7rQ(g)) for every 

geTZb. 

On the other hand, if / G 7?.^'° then ev^(/) can be defined when the order of ^ is divisible by p, 
and one has ev^{g) = ev^{'rr^{g)) for every g G TZb- 

It also follows from the definition that 7?,^'^ C TZ^'^ for e = or 0. 

For Sb, there exists a completely analogous decomposition. For any odd divisor p of b, an 
element x € TZb (or Sb) determines and is totally determined by the pair (ttq (x), 7r^(a;)). If p = 2 
divides b, then for any x € TZb, x = ttq{x). 

Hence, to define Im it is enough to fix /"j ~ ttq{Im) and I^j — tt^{Im)- The first part 
IIj = tt^^Im), when b = p, was defined in [IS] (up to normalization), where the third author 
considered the case when the order of roots of unity is coprime with b. We will give a self-contained 
definition of /^j, and show that it is coincident (up to normalization) with the one introduced in 
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Figure 1. The lens space (L{b,a), Kd) is obtained by b/a surgery on the first component of the 
Hopf link, the second component is the knot K colored by d. 

2.5. Lens spaces. Suppose b, a, d arc integers with (6, a) = 1 and & 7^ 0. Let A/(6, a; d) be the 
pair of a lens space a) and a knot K C a), colored by d, as described in Figure [TJ Among 
these pairs wc want to single out some whose quantum invariants are invertible. 

For £ e {0,0}, let ]VP{b,a) := M{b, a; d{e)), where d{0) := 1 and d{0) is the smallest odd 
positive integer such that |a|(i(0) = 1 (mod b). Note that if \a\ — 1. d{0) = d{0) = 1. 

It is known that if the color of a link component is 1, then the component can be removed from 
the link without affecting the value of quantum invariants. Hence 

TM{b,aa) ~ 'TL(b,a)- 

Lemma 6. Suppose b = ±p' is a prime power. For e € {0, 0}, there exists an invertible invariant 

^M^{ba) ^ '^p'^ '^'"'^^ ^^'^^ 



T'M^{b^a){0 = ev^ (lll'ibM)) 



where e ~ if the order of is not divisible by p, and £ = otherwise. Moreover, if p is odd, then 
^M' (b a) b^^ongs to and is invertible in S^'^ . 

A proof of Lemma [5] will be given in Section [51 

2.6. Definition of the unified invariant: general case. Now suppose (M, L') is an arbitrary 
pair of a rational homology 3-sphere with a link L' in it colored by odd numbers ji, . . . , ji . Let 
L{bi, fli) for i = 1, . . . , m be the lens spaces of Lemma [5j We use induction on m. If m = 0, then 
M is diagonal and Im,L' has been defined in Subsection 12.21 

Since (M, L')^M{bi,ai;d) becomes diagonal after adding m—1 lens spaces, the unified invariant 
of (M, L')#M(6i, fli; d) can be defined by induction, for any odd integer d. In particular, one can 
define Im^ , where := (M, L')^M^ {bi, ai). Here e = or e = and 61 is a power of a prime p 
dividing b. It follows that the components ttP{Im^) G TZ^'^ are defined. 

By Lemma ^ii) defined and invertible. Now we put 

It is easy to see that Im,L' i^Ai l' i -^li L') satisfies (fTU]). This completes the construction of 
Im,l'- It remains to prove Lemma Inland Theorem HI 

3. CyCLOTOMIC COMPLETIONS OF POLYNOMIAL RINGS 

In this section we adapt the results of Habiro on cyclotomic completions of polynomial rings [1] 
to our rings. 

3.1. On cyclotomic polynomial. Recall that e„ := exp(27r//7i) and denote by <&„(<?) the cyclo- 
tomic polynomial 

0<j<n 

The degree of '^nil) G ^[9] is given by the Euler function ip(n). Suppose p is a prime and n an 
integer. Then (see e.g. [21]) 

1 $„p(g)$„((7) iip\n. 



8 



ANNA BELIAKOVA, IRMGARD BUHLER, AND THANG LE 



It follows that is always divisible by ^np{q)- 

The ideal of Zlq] generated by and is well-known, see e.g. [121 Lemma 5.4]: 

Lemma 7. 

(a) If ^ ^ p'^ for any prime p and any integer e 7^ 0, then ($„) + (<&,„) = (1) in 1\q\. 

(b) // ^ = p"^ /or a prime p and some integer e =/= 0, then + ($m) = (1) in ^[l/p][q\. 

Note that in a commutative ring R, (x) + (y) ~ (1) if and only if x is invcrtible in R/{y). Also 
{x) + (y) = (1) implies (x'') + (y') = (1) for any integers fc, I > 1. 

3.2. Habiro's results. Let us summarize some of Habiro's results on cyclotomic completions of 
polynomial rings Let i? be a commutative integral domain of characteristic zero and R[q] the 
polynomial ring over R. For any S" C N, Habiro defined the S'-cyclotomic completion ring i?[(7]'^ 
as follows: 

(12) i?[g]^:=Jim_ ^ 

where $5 denotes the multiplicative set in Z[q] generated by (f>5 = {$„(g) \ n £ S} and directed 
with respect to the divisibility relation. 

For example, since the sequence {q; q)n, n G N, is cofinal to we have 

(13) ^ nqf. 

Note that if S is finite, then R[q]^ is identified with the (J|$5)-adic completion of R[q]. In 
particular, 

R[q]i^i ^R[[q-1]], 
Suppose S" C S, then <I>J, C $5, hence there is a natural map 

Recall important results concerning from . Two positive integers n, n' are called adjacent 
if n'/n = p'^ with a nonzero e € Z and a prime p, such that the ring R is p-adically separated, 
i-^- n^i(-P") = in i?. A set of positive integers is R-connected if for any two distinct elements 
n,n' there is a sequence n = ni, 7^2, . . . , rik-i, — n' in the set, such that any two consecutive 
numbers of this sequence are adjacent. Theorem 4.1 of [5] says that if S is i?-connected, then for 
any subset S' C S the natural map pg g, : R[q]^ ^ is an embedding. 

If ^ is a root of unity of order in 5", then for every f{q) G R[q]^ the evaluation cv(^{f{q)) G R[(] 
can be defined by sending q ^ For a set S of roots of unity whose orders form a subset T <Z S, 
one defines the evaluation 

evH : R[qf n ^[C]- 

Theorem 6.1 of [9j shows that if i? C Q, 5 is _R-conncctcd, and there exists n E S that is adjacent 
to infinitely many elements in T, then cvh is injective. 

3.3. Taylor expansion. Fix a natural number n, then we have 

Suppose Z C i? C Q, then the natural algebra homomorphism 

R[q] R[e„][q] 
■ mq)) ^ iiq-e^r) ^ 
is injective, by Proposition [T3] below. Taking the inverse limit, we see that there is a natural 
injective algebra homomorphism 

/i: i?[(?]^"> ^i?[e„][[g-e„]]. 
Suppose n £ S. Combining h and Ps,{n} • -^['Z]'^ ^ R[<}]^"\ we get an algebra map 

tn : R[qf ^ R[en][[q - Cn]]. 
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3.4. Splitting of Sp and evaluation. For every integer a, we put Na {n G N | (a,n) = 1}. 
Suppose p is a prime. Analogously to ([TH)) , we have 

Sp c,Z[l /p][qf. 

Observe that N is not Z[l/p]-connected. In fact one has N = U|^o P''^p^ where each p^Np is 
Z[l/p]-connected. Let us define 

Sp., ■.^Z[l/p][qf''^. 

Note that for every f G Sp, the evaluation evj(/) can be defined for every root ^ of unity. For 
/ G Sp,j, the evaluation ev^{f) can be defined when ^ is a root of unity of order in p-'Np. 

Proposition 8. For every prime p one has 

oo 

(14) Sp^Y[Sp.,. 

Proof. Suppose rii G p^'Np for i = 1, . . . ,m, with distinct jVs. Then rii/ris, with i 7^ s, is either 
not a power of a prime or a non-zero power of p, hence by Lemma [7] (and the remark right after 
Lemma E]), for any positive integers ki, . . . , km, we have 

«•) + «:) = (!) inZ[l/p][g]. 
By the Chinese remainder theorem, we have 

Taking the inverse limit, we get (|14p. □ 

Let TTj : Sp — + Sp_j denote the projection onto the jth component in the above decomposition. 

Lemma 9. Suppose ^ is a root of unity of order r ~ p^r' , with {r' ,p) = 1. Then for any x G Sp, 
one has 

If i ^ j then cv^{Tri{x)) = 0. 

Proof. Note that ev^(a;) is the image of x under the projection Sp Sp/ {^r{q)) = ^[l/p]K]- It 
remains to notice that Sp,i/ {^r{q)) = if i 7^ j. □ 

3.5. Splitting of Sb- Suppose p is a prime divisor of b. Let 

5f " := Z[l/b][qf^ and S^'" Z[l/6][g]fN ~ [| Z[l /b][qf^'- 

j>0 

We have similarly 

Sb = S^," X 5^° 

with canonical projections ttq : Sb 5^'° and tt^ : Sb ^b '^ ■ Note that if 6 = p, then S^''^ = Sp^ 
and SP'^ = Ylj^o ^pJ- before we set 5b, := ^[l/&][<?]'^'' and ttq : iSf, — > Sbfi- 

Suppose / G Sb. If ^ is a root of unity of order coprime with p, then ev^(/) — cy^{nQ{f)). 
Similarly, if the order of ^ is divisible by p, then ev^(/) ~ ev^(7r^(/)). 
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3.6. Properties of the ring TZi,. For any b G N, wc have 

nb-Z[l/b][qf- 

since the sequence {q; q'^)k, k E is cofinal to . Here N2 is the set of ah odd numbers. 

Let {pi \ i ~ 1, . . . , m} be the set of all distinct odd prime divisors of b. For n ~ (ni, . . . , rim), 
a tuple of numbers Ui G N, let p" = HiP"'- Let Sn := p"N2b. Then N2 = Iln^n. Moreover, 
for a G 5*11, a' G Sn', we have {^a{q),^a'{q)) = (1) in if n 7^ n'. In addition, each Sn is 

Z[l/6]-connected. An argument similar to that for Equation (|14p gives 

TZt c,l[Z[l /b][qf-. 

n 

In particular, 7^f '° := Z[l/b][qf^"^ and 7^f '° := Z[l / b][q]P'^^^ for any 1 < i < m. If 2 | &, then 
7?.^'" coincides with T?.^. 

Let T be an infinite set of powers of an odd prime not dividing b and let P be an infinite set of 
odd primes not dividing b. 

Proposition 10. With the above notations, one has the following. 

(a) For any I G 6*11, the Taylor map ii : Z[l/6][q]'^" — > Z[l/fo][e;][[(j — e;]] is injective. 

(b) Suppose f,g G Z[l/6][(7]'^" such that ev^(/) = cv^{g) for any root of unity ^ with ord{£^) G 
p"r, then f = g. The same holds true i/p"T is replaced by p"P. 

(c) For odd b, the natural homomorphism PN.N2 • '^6 ^ Ti-b is injective. If2\b, then the natural 
homomorphism 5^'" — > TZb is an isomorphism. 

Proof, (a) Since each Sn is Z[l/fe] -connected in Habiro sense, by Theorem 4.1], for any I G Sn 

(15) ps^iiy.Zil/bMS-^^Zil/bM^'^ 

is injective. Hence ti — ho pg^iy is injective too. 

(b) Since both sets contain infinitely many numbers adjacent to p", the claim follows from 
Theorem 6.1 in [5]. 

(c) Note that for odd b 

Si,-Y[Z[l/b][qf'^ 
n 

where S'n := p"Nb. Further observe that S'n is Z[l/6]-connected if b is odd. Then by [9l Theorem 
4.1] the map 

ni/b][qf^^ni/b][qf" 
is an embedding. If 2 | 6, then S^'" := Z[l/b][qf'' ~ 7^f,. □ 

Assuming Theorem [l] Proposition [TOl fb) implies Proposition [2] 

4. On the Ohtsuki series at roots of unity 

The Ohtsuki series was defined for 5*0(3) invariants by Ohtsuki [25] and extended to all other 
Lie algebras by the third author [T71 [TB] . 

In the works [521 [13 it was proved that the sequence of quantum invariants at Cp, where 
p runs through the set of primes, obeys some congruence properties that allow to define uniquely 
the coefficients of the Ohtsuki series. The proof of the existence of such congruence relations is 
difficult. In [7], Habiro proved that Ohtsuki series coincide with the Taylor expansion of the unified 
invariant at g = 1 in the case of integral homology spheres; this result was generalized to rational 
homology spheres by the third author [13] . 

Here, we prove that the sequence of SO{3) invariants at the prth roots e^Cp, where r is a fixed 
odd number and p runs through the set of primes, obeys some congruence properties that allow to 
define uniquely the coefficients of the "Ohtsuki series" at e^, which is coincident with the Taylor 
expansion at e^. 
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4.1. Extension of Z[l/6][er]. Fix an odd positive integer r. Assume p is a prime bigger than b 
and r. The cyclotomic rings Z[l/b][epr] and Z[l/b][er] are extensions of Z[l/6] of degree (p{rp) = 
ip{r)(f{p) and f{r), respectively. Hence Z[l/b][epr] is an extension of Z[l/b][er] of degree (p{p) = 
p — 1. Actually, it is easy to see that for 

q- Cr 

the map 

m/b,er][q] 

^^^^ ' Z[l/b\[epr\, q^ epCr, 

is an isomorphism. We put x — q — Cr and get 

Z[l/&, er\[x\ 



(16) Z[l/fe]M_ 

(/p(.T + e,.)) 

Note that 

p-i / 

n=0 



n+1 



is a monic polynomial in x of degree p — 1, and the coefficient of x" in /^(.t + e, ) is divisible by p 
if 71 < p - 2. 

4.2. Arithmetic expansion of r^^. Suppose Ai^ is a rational homology 3-spherc with |i/i( A/, Z)| = 
b. By Theorem [U for any root of unity ^ of order pr 

' fc\ c 7/u 1 ^ Z[l/b, e,.] [x] 

r,,{^)eZ[l/b][epA^jj^^^^y 



Hence we can write 

(17) TA/(erep) = ^ 



2 



n=0 



where ap,„ G Z[l/6, e^]. The following proposition shows that the coefficients ap^„ stabilize as 
p oo. 

Proposition 11. Suppose M is a rational homology 3-sphere with |_ffi(A/, Z)| = b, andr is an odd 
positive integer. For every non-negative integer n, there exists a unique invariant a„ — a„ (M) g 
Z[l/5, Cr] such that for every prime p > max(6, r), we have 

(18) On = Op^n (mod p) in Z[l/fe, e,.] for < n < p — 2. 

Moreover, the formal series J^n (*? ~^r)" is equal to the Taylor expansion of the unified invariant 

Im Oi Cr- 

Proof. The uniqueness of a„ follows from the easy fact that if a G Z[l/6, e^] is divisible by infinitely 
many rational primes p, then a = 0. 

Assume Theorem [T] holds. We define a„ to be the coefficient of {q — e^)" in the Taylor series of 
Im at er, and will show that Equation holds true. 

Recall that x = q — e^. The diagram 

nWT' — ^ nier][qY^^ — > nieMx]] 



/(/p(9)) 



r ii 



is commutative. Here the middle and the right vertical maps arc the quotient maps by the corre- 
sponding ideals. Note that Im belongs to the upper left corner ring, its Taylor series is the image 
in the upper right corner ring, while the evaluation (|17p is in the lower middle ring. Using the 
commutativity at the lower right corner ring, we see that 

p— 2 oo 

^ flp^nx" = ^ a„a;" (mod /p(a; + e^)) in Z[l/6, e^] [[a;]]. 

Ti=0 ri=0 
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Since the coefficients of fp{x + e^) up to degree p — 2 are divisible by p, we get the congruence 
(Ull). □ 

Remark 12. Proposition [Til when r = 1, was the main result of Ohtsuki which leads to the 
development of the theory of finite type invariant and the LMO invariant. 

When {r,b) = 1, then Taylor series at determines and is determined by the Ohtsuki series. 
But when, say, r is a divisor of b, a priori the two Taylor series, one at e,. and the other at 1, are 
independent. We suspect that the Taylor series at e^, with r \ b, corresponds to a new type of 
LMO invariant. 

5. Frobenius maps 

The proof of Theorem 01 and hence of the main theorem, uses the Laplace transform method. 
The aim of this section is to show that the image of the Laplace transform, defined in Section [71 
belongs to TZb, i.e. that certain roots of q exist in TZb- 

5.1. On the module Z[(j]/(${^ (g)). Since cyclotomic completions are built from modules like 
Z[g]/(4>^(g)), we first consider these modules. Fix n,k>l. Let 

($fe(<7))' (x'^) 
The following is probably well-known. 

Proposition 13. 

(a) Both E and G are free "L-modules of the same rank ktp{n). 

(b) The algebra map h : T^lq] — > Z[e„][a;] defined by 

h{q) = Bn+X 

descends to a well-defined algebra homomorphism, also denoted by h, from E to G. More- 
over, the algebra homomorphism h : E G is injective. 

Proof, (a) Since $^((?) is a monic polynomial in q of degree ktp{n), it is clear that 

i? = Z[g]/($J;(g)) 

is a free Z-module of rank kLp{n). Since G = Z[e„] ®z '^[x]/{x''), we see that G is free over Z of 
rank k(p{n). 

(b) To prove that h descends to a map E ^ G, one needs to verify that /i(<f>Jj((j')) = 0. Note 
that 

{j.n) = l 

When i = 1, the factor is x , which is in Z[e„] Hence = 0. 

Now we prove that h is injective. Let f{q) G Z[q]. Suppose h{f{q)) ~ 0, or f{x + e„) = 
in Z[e„][a;]/(a;'^). It follows that /(x + e„) is divisible by x^] or that f{x) is divisible by {x — 
Bn)'^. Since / is a polynomial with coefficients in Z, it follows that f{x) is divisible by all Galois 
conjugates {x — e^-^)^ with (j, ti) = 1. Then / is divisible by ^^{q). In other words, / = in 
E = 'L[q]l{^l{q)). □ 

5.2. A Frobenius homomorphism. We use E and G of the previous subsection. Suppose b is 
a positive integer coprime with n. If ^ is a primitive nth root of 1. i.e. $n(C) = 0, then is also 
a primitive nth root of 1, i.e. $rt(C'') = 0. It follows that ^n{q^) is divisible by $„(g). 

Therefore the algebra map : Z[q\ 'Z[q], defined by Fb{q) ~ q^, descends to a well-defined 
algebra map, also denoted by Fi,, from E to E. We want to understand the image Fi,{E). 

Proposition 14. The image Fi,{E) is a free Jj-submodule of E of maximal rank, i.e. rk(_FJ,(£')) ~ 
Tk{E). Moreover, the index of Fb{E) in E is 5fe(fe-i)v(«)/2, 
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Proof. Using Proposition [T3l we identify E with its image h{E) in G. 

Let Fb : G Ghe the Z-algebra homomorphism defined by Fb(e„) — e^, Fb{x) = {x + en)'' — e^. 

Note that Fi,{x) = be^-^x + 0{x^), hence Fb{x^) = 0. It is easy to see that Fb is a weh-defined 
algebra homomorphism, and that Fi, restricted to E is exactly Ft,. Since E' is a lattice of maximal 
rank in G (E) Q, it follows that the index of F^ is exactly the determinant of F^, acting on G O Q. 

A basis of G is e^x', with (j, n) = 1, < j < n and j = 0, and < / < fc. Note that 

Since (&, = 1, the set eJ^ , with (j, n) = 1 is the same as the set e^, with (j, n) = 1. Let 
/i : G ^ G be the Z-linear map defined by fi{e{l'x'') = e^x'. Since /i permutes the basis elements, 
its determinant is ±1. Let /2 : G ^ G be the Z-linear map defined by f2{e{^x'') = e^(ejj~''x)'. The 
determinant of /2 is again ±1. This is because, for any fixed I, /2 restricts to the automorphism 
of Z[e„] sending a to e^a, each of these maps has a well-defined inverse: a i—*- e~^a. Now 

fif2Fb{eix')^b'eix' +0{x'+') 

can be described by an upper triangular matrix with 6' 's on the diagonal; its determinant is equal 

to &fe(fe-l)v(")/2^ □ 

From the proposition wc sec that if b is invcrtiblc, then the index is equal to 1, hence wc have 

Proposition 15. For any n coprime with b and k G N, the Frobenius homomorphism Fh : 
Z[l/6][g]/ —> Z[l/6]['7]/ {^ni<l)): defined by Fb{q) = (?^ is an isomorphism. 

5.3. Frobenius endomorphism of Sbfl- For finitely many Ui e Nb and ki G N, the Frobenius 
endomorphisni 

Z[l/b][q] Z[l/b][q] 



sending q to q^, is again well-defined. Taking the inverse limit, we get an algebra endomorphism 

Fb:nyb][qf' ^m/b][qf'- 

Theorem 16. The Frobenius endomorphism Fb : Z[l/6][(7]^'' 'Z[l/b][q]^'' , sending q to q^ , is an 
isomorphism. 

Proof. For finitely many Ui G Nb and ki e N, consider the natural algebra homomorphism 

J Z[l/b][q] j-^ Z[l/6][g] 



This map is injective, because in the unique factorization domain one has 

s 

Since the Frobenius homomorphism commutes with J and is an isomorphism on the target of J 
by Proposition 1 15( it is an isomorphism on the domain of J. Taking the inverse limit, wc get the 
claim. □ 

5.4. Existence of 6th root of q in Sb.o- 

Lemma 17. Suppose n and b are coprime positive integers and y G Q[e„] such that y^ — 1. Then 
y = ±1. If b is odd then y ~ I. 

Proof. Let d | 6 be the order of y, i.e. y is a primitive dth root of 1. Then Q[e„] contains y, and 
hence e^. Since (n, d) = 1, one has Q[e„] n Q[ed] = Q (see e.g. [HI Corollary of IV. 3. 2]). Hence 
if ed G Q[en], then G Q, it follows that d = 1 or 2. Thus y = 1 or y = —1. If b is odd, then y 
cannot be —1. □ 

Lemma 18. Let b be a positive integer, T C Nb, and y G Q[9]"^ satisfying y^ = 1. Then y = ±1. 
// b is odd then y = I. 
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Proof. It suffices to show that for any ni,n2 . . .nm G T, the ring Q[g]/(<f>J;j does not 

contains a 6th root of 1 except possibly for ±1. Using the Chinese remainder theorem, it suffices 
to consider the case where to = 1 . 

The ring Q[q] / {^';^{q)) is isomorphic to Q[en][x] / {x'') , by Proposition [T^ If 

fc-i 

y = ^ajx\ a-j e Q[en] 
j=o 

satisfies = 1, then it follows that Aq = 1. By Lemma [171 we have have oq = ±1. One can easily 
see that ai = ■ ■ ■ = a^-i = 0. Thus y = ±1. □ 

In contrast with Lemma [TBI we have 

Proposition 19. For any odd positive b, and any subset T C Nb, the ring 1j[l/b][q]'^ contains a 
unique bth root of q, which is invertible in Z[l/b][q]'^. 

For any even positive b, and any subset T C Nb, the ring 1j[l/b][q]'^ contains two bth roots of q, 
which are invertible in Z[l/6][(7]^; one is the negative of the other. 

Proof. Let us first consider the case T = Nb. Since Fh is an isomorphism by Theorem 1161 we can 
define a bth root of q by 

gi/" :^F-\q)eSt,^o. 

If yi and ?/2 are two 6th root of the same element, then their ratio yi/y2 is a 6th root of 1. Prom 
Lemma 1T51 it follows that if 6 is odd, there is only one 6th root of q in Z[l/6][(7]'^'', and if 6 is even, 
there are 2 such roots, one is the minus of the other. We will denote them iq^/''. 

Purther it is known that q is invertible in (see [3]). Actually, there is an explicit expression 

q~^ = ^nq^{q',q)n. Hence q~^ G Z[l/6][g]^'', since the natural homomorphism from 1[qf^ to 
Z[l/6] [g]^*" maps q to q. In a commutative ring, if x | y and y is invertible, then so is x. Hence any 
root of q is invertible. 

In the general case of T C Nb, we use the natural map Z[l/6][(7]'*''' ^ Z[l/6][g]-^. □ 

Relation v^rith [H]. By Proposition Ull 5b,o is isomorphic to the ring A^" := Z[l/6][gi/^]f^'' used 
in [15]. Purthermore, our invariant ttq/a/ and the one defined in [15] belong to 5b, o- This follows 
from Theorem [T] for 6 odd, and from Proposition llOf c) for 6 even. Pinally, the invariant defined in 
[15] for M divided by the invariant of fj^iL{b\\ 1) (which is invertible in 5b. o [ISl Subsection 4.1]) 
coincides with ttq/m up to factor q~^ by Theorem [U [HI Theorem 3] and Proposition ITUT b) . 

5.5. Another Probenius homomorphism. We define another Probenius type algebra homo- 
morphism. The difference of the two types of Probenius homomorphisms is in the target spaces of 
these homomorphisms. 

Suppose TO is a positive integer. Define the algebra homomorphism 

G™ : Rlqf ^ by G^{q) = g". 

Since ^mr{q) always divides $^(9™), G,„ is well-defined. 

5.6. Realization of in Sp. Throughout this subsection, let p be a prime or 1. Suppose 
6 = for an / G N and let a be an integer. Let Bpj = Gpi{Spfi). Note that Bpj C Sp_j. If 6 is 
odd, by Proposition [iH] there is a unique 6th root of q in Spfi, we denote it by Xb;o. If 6 is even, by 
Proposition [m there are exactly two 6th root of q, namely ±g^/''. We put Xb-fi — q^^^. We define 
an element a € Sp as follows. 

If 6 I a, let Zb,a := g"'/'' e Sp. 

If 6 ~ ±p' \ a, then Zb,a CE Sp is defined by specifying its projections iij{zi,,a) z^.a-.j S Sp,j as 
follows. Suppose a = p'^e, with (e,p) 1. Then s < I. Por j > s let z^^a-j '■= 0. Por < j < s let 

Zb,a;j := [Gp,{xb;a)f^P' = [Gp,{xb:o)fp"''' e Bp^j C Sp^j. 
Similarly, for 6 = ±p' we define an element Xb G Sp as follows. We put 7ro(a;b) x^-o. Por j < I, 
TTj^Xb) := [Gpj {xb-fi)]P\ If j > I, nj{xi,) := q''. Notice that for c = {b,p^) we have 

TTj{xb) = Zb^c;j- 
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Proposition 20. Suppose ^ is a root of unity of order r = cr' , where c = (r, b). Then 

ev^(zb,a) 



if c \ a 



where b'^ is the unique element in TLjr'TL such that b'^{b/c) = 1 (mod r'). Moreover, 

eviM = iCf' ■ 

Proof. Let us compute ev^(zb^a)- The case of eY^{xb) is completely analogous. 
If 6 I a, then c | a, and the proof is obvious. 

Suppose b \ a. Let a ~ p^e and c = p^. Then s < I. Recall that Zb a = n?io a j- By Lemma 

El 

ev^izb^) = ev^(zb,a;i)- 

If c f a, then i > s. By definition, Zf,^a:i ~ 0, hence the statement holds true. 
It remains the case c \ a, or i < s. Note that = is a primitive root of order r' and (p, r') = 1. 
Since Zb^a-i S Bp^i, 

ey^{zbM;i) e Z[l/p][C]. 

From the definition of Zb^a;i it follows that (zb.a;^)''/^ — (9*^)" , hence after evaluation we have 
Note also that 

Using Lemma [T7] we conclude ev^(zb.ci;i) = (C*^)"^^* if b is odd. and cv^{zbM;i) = or 
ev^(zf,,a;i) = " (C'^)"^''* if b IS even. Since evi(g^/'') = 1 and therefore ev^(g^/'') = ^''* (and not 
— ^^*) we get the claim. □ 



6. Invariant of lens spaces 

The purpose of this section is to prove Lemma \E\ Throughout this section we will use the 
following notations. 

Let a and b be coprime integers. Choose d and b such that bb + aa = 1 with < sn(a)d < |&|. 
Notice that for a = 1 we have 1 = 1 and b = 0. 

Let r be a fixed odd integer (the order of ^). For I G Z coprime to r, let l^, denote the inverse of 
/ modulo r. If {b, r) = c, let b'^ denote the inverse of b' := | modulo r' := ^. Notice that for c = 1, 
we have = b'^. 

Further, we denote by the Jacobi symbol and by s{a,b) the Dedekind sum (see e.g. \V2\). 

6.1. Invariants of lens spaces. Let us compute the SO{i) invariant of the lens space M{b, a; d). 
Recall that M{b,a;d) is the lens space L{b,a) together with a knot K inside colored by d (see 
Figure 1). 

Proposition 21. Suppose c — (6, r) divides d — sn(a)d. Then 
where 

u = 12s(l, 6) - 12 sn(5)s(a, b) + - (a(l - d^) + 2(sn(a)d - sn(fe)) + a{a - sn(a)d)2) e Z 



anc? x(c) = 1 if c ^ \ and is zero otherwise. If c\ {a± d), T]^J|^b,a■d)iO — ■ 
In particular, it follows that T^({,,a)(0 = if cldit 1. 
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Proof. We consider first the case where 6, a > 0. Since two lens spaces L{b,ai) and 02) are 
homeomorphic if ai = 02 (mod 6), we can assume a < b. Let b/a be given by a continued fraction 



b 1 

- = m„ ^ 

a ^ 



1 

TO„_2 - . . . 



1 

7712 

mi 



Using the Lagrange identity 

a - - = a - 1) + y- 

^ 1 ^ 



(6-1) 

we can assume nii > 2 for all i. 

The T]^i(b,a;d)iO '^^^ bc computed in the same way as the invariant ^riL{b,a)^ A) in [20] , after 
replacing (respectively A) by (respectively ^^*). Representing the 6/a-framed unknot in 
Figure[T]by a Hopf chain (as e.g. in Lemma 3.1 of [5]), we have 

where 

Ji = l 
odd 

Using Lemmas 4.11, 4.12 and 4.20 of [^Upl (and replacing by ^**, c„ by c, Nn^i = p hy b, 
Nn~is = (? by a, A^„,2 = q* by a and ~Nn-i^2 = P* by b), we get 

where x^{d) = ±1 if c | a and is zero otherwise. Further e{x) = 1 if x = 1 (mod 4) and 
e{x) = I if X = 3 (mod 4). This implies the second claim of the lemma. 

Note that when c = 1. both x^{d) arc nonzero. If c > 1 and c | {d — d), x^{d) = 1, but 
X~ (d) = 0. Indeed, for c dividing d — d, c \ {d + a) if and only if c | a which is impossible, because 
c I b but (6, d) = 1. 

Inserting the last formula into the Definition ^ we get 

Snjd) I r)c-a i, c'l.f 1 c-i, m; 

TM{bM:d){t,) = ^2, -^-2. 1 Z^^ I ^ 



where we used that a+ = n and cr_ = (compare [121 P- 243]). From = £('')aA'7 ''^^ 

obtain 

-M(.M)(0 - (^) (^) ^^^^^ ^443.-E.™0-4.S(a-2.)-4...^ _ 

Applying the following formulas for the Dcdekind sum (compare |121 Theorem 1.12]) 
(19) 371-^772, = -12.s(a,&) + ^^-t^ , -3 + 6= 12s(l,&) - I 



and dividing the formula for TM{b,a;d){C) by the formula for Ti(b,i)(C) "^6 get 

^A/(6,a;d)lU - \-) I ^ _ ^-bi I 4 



^There are misprints in Lemma 4.21: q* ±n should be replaced by g* =p n for n = 1, 2. 
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where 



u = -12s(a, h) + 12s(l, 6) + -(a + a- 2- bh{a - 2d) 



Notice, that m G Z. Further observe, that by using aa -\-bb = 1, we get 

a + a - 2 - hh{a - 2d) = 2{d - 1) + a(l - d^) + a(a - df . 

This impUcs the result for < a < 6. 

To compute TM{-b,a;d){C)i observe that TM(b,~a;d) — TM(-b.a;d) is equal to the complex conjugate 
of TM{b,a-d)- The ratio 



TM{b,a;d) (0 



TL(b,l)(0 

can be computed analogously. Using e(c) = (— l)T~e(c), we have for a,b > 

, , / 1 fdb', \ , , . .,2 



where 



^M(-M,.)(0 = (-1)-© f 



u= 12s(a,6) + 12s(l,6) + 



-a — d — 2 



(d - 2d) 



Using s(a, 6) = s(a, —6) = — s(— a, 6), we get the result. 



Example. For & > 0, we have 



□ 



6.2. Proof of Lemma [6l Assume b ~ ±p' and p is prime. We have to define the unified invariant 
of M'^{b, a) := M{b, a; d(e)), where d(0) = 1 and d(0) is the smallest odd positive integer such that 
sn(a)ad(0) = 1 (mod b). First observe that such d(0) always exists. Indeed, if p is odd, we can 
achieve this by adding 6, otherwise the inverse of any odd number modulo 2' is odd. 

Recall that we denote the unique positive 6th root of q in Sp,Q hy . We define the unified 
invariant lM^(b,a) G Ti-b as follows. If p 7^ 2, then Inj'ib.a) G Sp is defined by specifying its 
projections 

' q3s{l.b)-3sn{b) s{a,b) if 7 = 0, £ = 



-1) 2 2 V if J > 







where u' := u— ^ '' and u is defined in Proposition!^ If p = 2, then only iroI^Kb^a) € 

'^2,0 = 1^2 is non-zero and it is defined to be g3s(i,&)-3sn(h) s(aM) ^ 

The lM'^(b,a) is well-defined due to Lemma WI\ below, i.e. all powers of q in lM'{b,a) arc integers 
for J > or lie in -^Z for j = 0. Further, for b odd (respectively even) lM'{b.a) is invertiblc in 5^'^ 
(respectively 7?.^'^) since q and q'^ are invertible in these rings. 
In particular, for odd b = p\ we have /l(6.i) = 1, and 



T^jlL{-b,l) 



'Ab:- 

6-3 , 1 



if j=0 



(-l)"^^g^ if < j < p odd 



. (—1) " 2 q''2^ j > I, P odd . 



It is left to show, that for any ^ of order r coprime with p, we have 

eV5(/A/0(6,a)) = T-M"(b,a)(0 
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and if r = p^k with j > 0, then 

For e = 0, this follows directly from Propositions and with c — d— 1. For e = 0, we have 
c ~ {p' ,b) > 1 and we get the claim by using Proposition [HD and 

where for the second equality we use c = hh'^ (mod r). Notice that due to part (2) of Lemma 
below, h and c divide d — sn(a)(i(0) and therefore all powers of ^ in (|20p are integers. □ 
The following Lemma is used in the proof of Lemma [6l 

Lemma 22. We have 

(a) 3s(l, 6) - 3 sn(6) s(a, 6) S \l, 

(b) b I a — sn(a)d(0) and therefore u' G Z, and 

(c) 4 I u' ford^d(0). 

Proof. The first claim follows from the formulas for the Dedekind sum. The second claim 
follows from the fact that (a, b) = 1 and 

a(d — sn(a)(i) = 1 — sn(a)ad — 56 = (mod 5), 

since d is chosen such that siii{a)ad = 1 (mod b). For the third claim, notice that for odd d we 
have 

4 I (1 - d^) and 4 | 2(sn(a)d - sn(fe)). 

□ 



7. Laplace transform 

This section is devoted to the proof of Theorem |4] by using Andrew's identity. Throughout this 
section, let p be a prime or p = 1 , and b = for an Z S N. 

7.1. Definition. The Laplace transform is a Z[(7='=^]-linear map defined by 

In particular, we put Cb-j := tTj o Cb and have Cb:j{z°-) = Zb^a-.j G Sp,j- 
Further, for any / G Z[z^^ , g^^] and n S Z, we define 

Lemma 23. Suppose f £ 1\z'^^ ^ Then for a root of unity ^ of odd order r, 

EV"^/ = 7.(0cva/:-.(/)). 



Proof. It is sufficient to consider the case f = z"" . Then, by the same arguments as in the proof of 
[31 Lemma 1.3], we have 

(21) yV"^9"" = l° 

^ ^ V Xm-'-^'-im if a = cai. 

The result follows now from Proposition [201 

□ 
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7.2. Proof of Theorem m Recall that 



A{n, k) 



We have to show that there exists an element Qt^k & T^b such that for every root of unity of odd 
order r one has 

F;M^) -^''dQb.k). 

Applying Lemma [23] to Fub{S,) = X)^'?''"^ '^^ get for c — {b,r) 



(22) 



where as usual, x(c) = 1 if c = 1 and is zero otherwise. We will prove that for an odd prime p and 
any number j > there exists an element Qk{q, ^t, j) G Spj such that 



(23) 



If p = 2 we will prove the claim for j = only, since ^2.0 — ^2- The case p = ±1 was done e.g. in 
[2]. Theorem [H follows then from Lemma and ([2H) where Q^ k is defined by its projections 



TTjQ 



(1 -a;_6)x(p') 

We split the proof of ([^S]) into two parts. In the first part we will show that there exists an element 
Qkiq, Xb, j) such that Equality ()23p holds. In the second part we show that Qk{q, Xb, j) lies in Sp^. 

Part 1, b odd case. Assume b = with p ^ 2. Wc split the proof into several lemmas. 

Lemma 24. For x^-j := T^ji^b) and c = {b,p^), 
/ k \ 



Cb;Al[iz + z-'-q'^q-'')]^2i^lf+' 



2k + 1 
k 



Sb;j{k,q), 



where 
(24) 



Sb-jik,q) := 



Observe that for n > the term ((7 '^;q)cn is zero and therefore the sum in is finite. 
Proof. Since £{, is invariant under z ^ z^^ one has 

Cb (^{z + - - q-')^ = -2Cb{z~\zq-^-q)2k+l), 

and the g-binomial theorem (e.g. see [S], II. 3) gives 

fc+i 

(25) 



\zq-^;q),k+l = {-lfY.^~^y 



i—~k 



2k + 1 

k + i 



Notice that Cb-j{z°-) 7^ if and only if c | a. Applying Cb-j to the RHS of (^5]). only the terms with 
c I i survive and therefore 

L(fc+i)/cj 

uA^-'i^q''';qhk+i) = {-ir J2 (-1)™ 

n=-[fe/cj 

Separating the case n = and combining positive and negative n this is equal to 

L(fc+i)/cj 



2k + 1 
k + cn 



Zb.cn- j • 



{-If 



2k + 1 
k 



n=l 





■ 2fc + l ■ 




' 2k + l ' 




( 


k + cn 


+ 


k — cn 


) 



Zb,, 
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where we use the convention that 



and 



X 

-1 



" 2fc + 1 ■ 




■ 2fc + 1 ■ 


{k^ 


-1} 


2k + 2 


k + an 


+ 


k cn 


{2k- 


f2} 


k + cn + I 



is put to be zero for positive x. Further, 



{2k + 2} 



2k + 2 
fc + cn + 1 



2fc + 1 
k 



cn 



(<Z^+2;g), 



Using Zb^cn;j = {zb,c,jT' = x^.^ we get the resuh. 



□ 



To define Qk{q,Xb,j) we wih need Andrew's identity (3.43) of [T]: 



n>0 



s-1 



E (t "'^)ti, (^s)n3 (Cs)n^ -TT t 
^"1 (^^^NT7~^ 1 1 



ibi)ni{Ci)ni (bjCj )"»+!- 



^ Os ' ^ Cs / ns>--->n2>ni>0 

Here and in what foUows we use the notation (a)„ ;= (a; t)„ . The special Bailey pair (a„,/?„) is 
chosen as follows 

ao = 1, a„ = + 
(3a = 1, (3n = for n > 1. 

Lemma 25. Sb;j{k,q) is equal to the LHS of Andrew's identity with the parameters fixed below. 

Proof. Since 

Sb:j{k,q) = S-b-j{k,q^^), 

it is enough to look at the case when 6 > 0. Define b' := ^ and let w be a 6'th primitive root of 
unity. For simplicity, put N := k + I and t := Xb-j. Using the following identities 

c-l 

iq';q)cn - n (9'''' 
b'-i 



where the later is true due to t** ~ x 
we can see that 



i=0 

^.^ — q'^ for all j, and choosing a cth root of t denoted by t^ 

oo b'-lc-l / . -w+i ■ 



Sb,ik, 9) = 1 + E n n ,^, (1 + t^'-r'^^'^-. 

Ti = l i=0 i=0 " )n 

Now we choose the parameters for Andrew's identity as follows. We put a := d := 
and m :— \_^\. For I € {l,...,c— 1} there exist unique ui^vi S {0, . . . , c — 1} such that ui = N + 1 
(mod c) and w/ = iV - ; (mod c). Note that = Uc-i. We define C// := and Vi := ~^+^' . 

Then J7i, e but [// + Vi G Z. We define 



ba+i 
ba+ld+i 
bg+i 
bs-l 

b. 



ci 

= Cj't'^' , Ca+ld+i 
= —Lu'^t, C 
= t-™, 
— > OO, 



t^' for / = l,...,a, 

cj^'i^' for i = 1, . . . ,d and Z = 1, . . . , c — 1, 
—uj^H for i = 1, . . . , d, 



where g = a + cd and s = (c +1)^ + 1 



We now calculate the LHS of Andrew's identity. Using the notation 
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and the identities 



we get 



lim = (-1)"^^^ and lim ( - 

c—>oo C^^ c—>oo \ C 



where 



d c-l 



y ■= Y.^U' + ^) + E E(^' + ^) " + 1) + 2d + 1 + TV. 

;=i 1=1 i=i 

Since J^iZliUi + Vi)^2 YTi=i{Ui + Vi) = 2(-iV + m + ^) and 2d + 1 = fo', we have 

n-l + s + iV-y = n + 7V6'. 

Further, 

(-w±^t)„ 1 + w*t" 1 + 



i=l ^ i=l 



t J. 1 1 

and 



11 (-^l-C/O r+l-VO ' 11 (',,,±«l+m\ '1111 



Taking all the results together, we see that the LHS is equal to Sb-j{k, q). 



b'-lc-l , i ^Ii±i. 



a 



Let us now calculate the RHS of Andrew's identity with parameters chosen as above. For 
simplicity, we put 6j :~ fij+i — rij. Then the RHS is given by 

■ (6.)„, (c,)„^ 



RHS = {t)N J2 



1 i"^^ 



" (t^')n,(i^On,(i'-^'-^0^, A ("C.'^'On... ')^.+, 



n l'- jrajl,'- MiV- )Si_ TT 
r^l-f/i^ ('fl-V'n '11' 



where 



X 



a d 

E(l - C^i - Vi) ni + E(2m + 1) 

1 = 1 4 = 1 

d c— 1 

+ EX](-'- ^ ^ Vl)na+ld+i - E"9+' + ("^ - ^) '^s-l + 
i=l ;=i i=l 

For c = 1 or d = 0, we use the convention that empty products are set to be 1 and empty sums 
are set to be zero. 

Let us now have a closer look at the RHS. Notice, that 
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The term (t ^)5g^i is zero unless Sg+i e {0, 1}. Therefore, we get 

i=l ^ '^g+i+i i=i 

Due to the term (t~'")ris, we have Ug < m and therefore < m for all i. Multiplying the 
numerator and denominator of each term of the RHS by 

a d 

n(-il~Ui+ni + i\ (.l~Vi+ni + i\ TT/ ±!:.m+l+Ti„+, + iN 

1=1 i=l 
d c-1 

1=1 i=l 

gives in the denominator Jli^o^ Yl'i=i{^^t^^^')rn ■ Ili^i^l'^'^™^^)'"- This is equal to 
Further, 

The term (i^^^™)^^.! is zero unless Sg-i < N ~ m and therefore 

Taking the above calculations into account, we get 

(26) RHS = j^^^^-n{q,t) 

where 



ris > ■ ■ ■>n2 >ni — 

a d c— 1 



n:;i(i)^. 

d 

\1-S„ 



d d c—1 

n(^^^t~'")«„+. +1+""+-+^ )™-„„+.+. • n n (^^*''' (^~^*''' )^ 

1=1 i=l 1=1 

d c-1 

1=1 1=1 



2 

We now define the element Qk{q, Xb,j) by 



and x' X + — ^ + A^ri, 



^ / \ / (q;q)N+c7n 

By Lemmas [21] and [HI Equation (|26p and the following Lemma [2S1 we see that this element 
satisfies Equation (|23|) . 



Lemma 26. T/ie following formula holds. 



-k{k+l)/2 r,-{k+lf 

{q'^':q)lli-{-if^'h ' 



{q;q)k+i (q ^■,q ^)k+i 
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Proof. This is an easy calculation using 

_{2k + iy. 



{k}\ ■ 

□ 



Part 1, b even case. Let b — ±2'. We have to prove Equality only for j — 0, i.e. we have 
to show 



1 f ^ 



(9^ 

The calculation works similar to the odd case. Note that we have c = 1 here. This case was already 
done in [3] and [E]. Since their approaches are slightly different and for the sake of completeness, 
we will give the parameters for Andrew's identity and the formula for Qk{q,Xb,0) nevertheless. 

We put t := Xh-fi, d := I — 1, w a 6th root of unity and choose a primitive square root v of uj. 
Define the parameters of Andrew's identity by 







Ci 


:= LO-H-^ 


for 


j = l,. 




bd+i 




Cd+i 


:= -i.-(2'-i)t 


for 


1 = 1,. 




bb 


:= -t-\ 


Cb 


:= = 








b,-i 




Cs-1 


fN+l 








bs 


oo, 


Cs 


OO, 









where s = b + 2. Now we can define the element 

l + snjb) 1-311(6) / X , 

Qk{q,Xb,0):=[{-lT+'q ^ W^'] —, 7 —Tk{q,Xb:o) 

^ / V / {q;q)2N {-Xb;o]Xb;o)N 

where 

na-l>--->ni=0 I\i=li^)Si 

d d+1 

2=1 i=l 



and x" ~ ELi(2^ + - Ei=i "<i+« + "'''2'''^ +iN + l)(nt + n,,_i). We use the notation 

_ 1 

-1 ~ l-ab-i ■ 



Part 2. We have to show that Qk{q, Xb, j) G Sp,j, where j e N U {0} if p is odd, and j = for 
p = 2. The following two lemmas do the proof. 

Lemma 27. For t = Xb-j, 

Tk{q,t)eZ[q^\t^^]. 

Proof. Let us first look at the case b odd and positive. Since for a 7^ 0, {t°')n is always divisible by 
{t)n, it is easy to sec that the denominator of each term of Tk{q, t) divides its numerator. Therefore 
we proved that Tk{q,t) e 

, uj] . Since 

(27) 5,,(fc,g) = ^-|l^.T,(g,t), 

there are fo,go e Z[q±\t=^i] such that Tk{q,t) = ^. This implies that Tk{q,t) e Z[q±\i=t^] since 
/o and go do not depend on uj and the cth root of t. 

The proofs for the even and the negative case work similar. 

□ 

Lemma 28. For t = Xb-j, 

where A = 1 and j = if p = 2, and A = and j G N U {0} otherwise. 
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Proof. Notice that 
where we use the notation 

We have to show that 



iq;q)N+c,n = (9;?) wi 9'')2m, 



>N+cm\ 
ri-1 



3=0 
ct(a+j) 



^T^7^ (<?; 9)N+cm-((-^;0A') 

is invertible in Z[l/p][(7] modulo any ideal (/) = (n„ where n runs through a subset of 

p'Np. Recall that in a commutative ring A, an element a is invertible in A/{d) if and only if 
(a) + (d) = (1). If (a) + (d) = (1) and (a) + (e) = (1), multiplying together we get (a) + (de) = (1). 
Hence, it is enough to consider / = <&p3„(g) with = 1. For any X G N, we have 

X 

(28) = n n*'i('^)' 

■i ^ 1 d\i 
c \ i 



X 



(29) (-t;0x = ^firf =nn'j'-w 

,3Q. (g°;g^)x ^ (^''';^^')x ^ Y\^=iY\dw'^d{t) 

(^;*)^ (^;^)^ nf=in.i.*rf(o 

for h' = h/c. Recall that {^r{q), ^aiq)) = (1) in Z[l/p][(7] if either r/a is not a power of a prime or 
a power of p. For r = p'n odd and a such that c\ a, one of the conditions is always satisfied. Hence 
is invertible in Sp,j. If 6 = c or 6' = 1. and (PD|) do not contribute. For c < b, notice that 
g is a cnth primitive root of unity in [q]/ ($£«(?)) = ^[l/p] [ecu]- Therefore t'' = q'^ is an nth 

primitive root of unity. Since {n,b') = 1, t must be a primitive nth root of unity in Z[l/p] [ccn], 
too, and hence $„(*) = in that ring. Since for j with {j,p) > 1, {^j{t), ^,i{t)) = (1) in Z[l/p][t], 
we have $j(i) is invertible in Z[l/p] [ecn], and therefore (j29p and ([50]) are invertible, too. □ 

Appendix A. Proof of Theorem [3] 

The appendix is devoted to the proof of Theorem [31 a generalization of the deep integrality 
result of Habiro, namely Theorem 8.2 of [?]• The existence of this generalization and some ideas 
of the proof were kindly communicated to us by Habiro. 

Reduction to a result on values of the colored Jones polynomial. We will use the notations 
of [7]. We put q = e^, and v = e''/^, where h is a free parameter. The quantum algebra Uh = 
Uhish), generated by E,F and H, subject to some relations, is the quantum deformation of the 
universal enveloping algebra U{sl2)- 

Let Vn be the unique (n + l)-dimensional irreducible J7;j-module. In [7], Habiro defined a new 
basis P^, /c = 0, 1, 2, . . . , for the Grothendieck ring of finite-dimensional f//i(s^2)-niodules with 

ife(i-fe) ^1 



i=0 



Put P^. = {Pl,^,-- ■ ,-Pfc„}- It follows from Lemma 6.1 of that we will have identity (HJ) of 
Theorem [3] if we put 

CLuLKk,j) = Jluu [PU) n(-l)'''z''+''+' • 

■i 

Hence to prove Theorem [J] it is enough to show the following. 
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Theorem A.l. Suppose LU L' is a colored framed link in such that L has zero linking matrix 
and L' has odd colors. Then for k ~ max{fci, . . . , km} we have 

In the case L' ~ 0, this statement was proved in [7J Theorem 8.2]. Since our proof is a 
modification of the original one. we first sketch Habiro's original proof for the reader's convenience. 

A.l. Sketch of the proof of Habiro's integrality theorem. 

Geometric part. Let us first recall the notion of a bottom tangle, introduced by Habiro in [5]. 

An ?7-component bottom tangle T = Ti U • • • U T„ is a framed tangle consisting of n arcs 
Ti, . . . ,r„ in a cube such that all the endpoints of T are on a line at the bottom square of the 
cube, and for each i = 1, . . . , n the component Ti runs from the 2ith endpoint on the bottom to 
the (2i — l)st endpoint on the bottom, where the endpoints are counted from the left. An example, 
the Borromean bottom tangle B, is given in Figure [A. II 




Figure A.l. Borromean bottom tangle B 



In [5], Habiro defined a braided subcategory B of the category of framed, oriented tangles which 
acts on the bottom tangles by composition (vertical pasting). The objects of B are the symbols 
b®", n > 0, where b :=iT- For m, n > 0, a morphism A of B from b®™ to b®" is the isotopy 
class of a framed, oriented tangle X which we can compose with m-component bottom tangles 
to get n-component bottom tangles. Let B(m,n) be the set of morphisms from b®"' to b®". 
The composite YX of two morphisms is the gluing of Y to the bottom of X, and the identity 
morphism =1]" • • • |t is a tangle consisting of 2m vertical arcs. The monoidal structure is 

given by pasting tangles side by side. The braiding for the generating object b with itself is given 

by ■4'b,b = ^z'^- 

Corollary 9.13 in [5] states the following. 

Proposition A. 2. (Habiro) // the linking matrix of a bottom tangle T is zero then T can he 
presented as T = WB"^^, where k > and W S B(3fc,n) is obtained by horizontal and vertical 
pasting of finitely many copies o/lb, 'fpb,b, i'bb' '^'^^ 

Algebraic part. Let K — — e^ . Habiro introduced the integral version Ug, which is the 
Z[(7, (j^^]-subalgebra of Uh freely spanned over Z[g,g-i] by FWifJe*^ for i,k> 0,j G Z, where 

= — ^— ^ and e={v- v-^)E. 

V 2 [n]! 

There is Z/2Z-grading, Uq ~ © Wg, where (resp. U^) is spanned by F^'^K^^e'' (resp. 

j;[f2j+igfc-j^ We call this the e-grading, and (resp. Ug ) the even (resp. odd) part. 
The two-sided ideal in Uq generated by e^ induces a filtration on {Uq)®^ , n>\,hy 

n 

Tp{(Uqr^) = Y^^Uq)®^'^ ® Tp{Uq) ® (Uq)®^-^ C (Z^g)^" . 
i=l 
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Let (Uq)^" be the image of the homomorphism 

where ® is the /i-adically completed tensor product. By using TpiU^) TpiUq) OU^ one defines 
(Z^P®" for e e {0, 1} in a similar fashion. 

By definition (Section 4.2 of [7]), the universal sl2 invariant Jt of an ji-component bottom 
tangle T is an element of U®"'. Theorem 4.1 in [7] states that, in fact, for any bottom tangle T 
with zero linking matrix, Jt is even, i.e. 

(A.i) JTe(Z^°)^". 

Further, using the fact that Jk of a 0~framed bottom knot K (i.e. a 1-component bottom 
tangle) belongs to the center of Habiro showed that 

where 

n 

an = Y[{C^' - (q' + 2 + q-')) with C ^ {v-v-^)F^^^K-^e + vK + ir'^K~^ , 

i=0 

the quantum Casimir operator. The (t„ provide a basis for the even part of the center. From this, 
Habiro deduced that Jk{P.!,) £ ^'^"^il^)'"'' q'^]. 

The case of n-component bottom tangles reduces to the 1-component case by partial trace, 
using certain integrality of traces of even element (Lemma 8.5 of [7]) and the fact that Jt is 
invariant under the adjoint action. 

Algebro— geometric part. The proof of ()A.1|) uses Proposition IA.2( which allows to build any 
bottom tangle T with zero linking matrix from simple parts, i.e. T = W{B^''). 

On the other hand, the construction of the universal invariant Jt extends to the braided functor 
J : B — !■ Mod[/^ from B to the category of C/^i -modules. This means that Jw{b's>'') = Jw{Jb^'')- 
Therefore, in order to show (jA.l[) . we need to check that Jb G (t/°)®^, and then verify that Jw 
maps the even part to itself. The first check can be done by a direct computation [TJ Section 4.3]. 
The last verification is the content of Corollary 3.2 in [7]. 

A.2. Proof of Theorem Em 

Generalization of Equation (|A.1|1 . To prove Theorem I A. 1 1 we need a generalization of Equation 
((ITT|) or Theor em 4.1 in [7] to tangles with closed components. To state the result let us first 
introduce two new gradings. 

Suppose T is an n-component bottom tangle in a cube, homeomorphic to the 3-ball D^. Let 
S{D^ \ T) be the Z[q±i/4]-module freely generated by the isotopy classes of framed unoriented 
colored links in \ T, including the empty link. For such a link L C \ T with m-components 
colored by rii, . . . ,nm, we define our new gradings as follows. First provide the components of L 
with arbitrary orientations. Let Uj be the linking number between the ith component of T and 
the jt\\ component of L, and pij be the linking number between the ith and the jth components 
of L. For X = TULwc put 

(A.2) gre(^) :=(£!,..., £„) G (Z/2Z)", where £i := ^ kju'^ (mod 2), and 

3 

8Tg(i) X! P^j'^'i^'j + 2 E {pjj + l)n'j (mod 4), where n- := Ui - 1. 

It is easy to see that the definitions do not depend on the orientation of L. 

The meaning of gr^(L) is the following: The colored Jones polynomial of L, a priori a Laurent 
polynomial of q^^^, is actually a Laurent polynomial of q after dividing by qS'-'qW/^- see [15] for 
this result and its generalization to other Lie algebras. 
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We further extend both gradings to S{D^ \ T) by 

gr,(gi/4)^0, gr,(gi/^) = l (mod 4). 

Recall that the universal invariant Jx can also be defined when X is the union of a bottom 
tangle and a colored link (see Section 7.3]). In fS], it is proved that Jx is adjoint invariant. The 
generalization of Theorem 4.1 of [7] is the following. 

Theorem A. 3. Suppose X ^ T U L, where T is a n-component bottom tangle with zero linking 
matrix and L is a framed unoriented colored link with gT^{X) = (ei, . . . , £„). Then 



Corollary A. 4. Suppose L is colored by a tuple of odd numbers, then 

Jx e (ZY°)®" . 

Since Jx is invariant under the adjoint action, Theorem lA.ll follows from Corollary IA.4I by 
repeating Habiro's arguments. □ 
Hence it remains to prove Theorem lA.3l In the proof we will need a notion of a good morphism. 

Good morphisms. Let /,„ '■— lb®™ G Bi{m,m) be the identity morphism of b®™ in the cube C. A 
framed link L in the complement C \ Im is good if L is geometrically disjoint from all the up arrows 
of b*^™, i.e. there is a plane dividing the cube into two halves, such that all the up arrows are in 
one half, and all the down arrows and L are in the other. Equivalently, there is a diagram in which 
all the up arrows are above all components of L. The union W of /,„ and a colored framed good 
link L is called a good morphism. If Y is any bottom tangle so that we can compose X = WY , 
then it is easy to see that gi^{X) does not depend on Y, and we define gT^{W) :— gr^(A). Also 
define gTq{W) := gi-q{L). 

As in the case with L = 0, the universal invariant extends to a map Jw '■ Uf"^ W®™. 

Proof of Theorem [Am The strategy here is again analogous to the Habiro case: In Proposition 
IA.5I we will decompose X into simple parts: the top is a bottom tangle with zero linking matrix, 
the next is a good morphism, and the bottom is a morphism obtained by pasting copies of /Xb. 
Since, any bottom tangle with zero linking matrix satisfies Theorem IA.3I and /^b is the product 
in Uq, which preserves the gradings, it remains to show that any good morphism preserves the 
gradings. This is done in Proposition EIS] below. □ 

Proposition A. 5. Assume X = T U L where T is a n-component bottom tangle with zero linking 
matrix and L is a link. Then there is a presentation X = W2W1W0, where Wq is a bottom tangle 
with zero linking matrix, Wi is a good morphism, and W2 is obtained by pasting copies of fib- 

Proof. Let us first define 7± € B(i, i + 1) for any i G N as follows. 





7+ = »i I t|-» 7_ = 

If a copy of yUb is directly above V'b^b 7± ' move jUb down by isotopy and represent the 

result by pasting copies of ijj'^l^ and 7± . It is easy to see that after the isotopy 7± gets replaced by 
7± and ■0^^ by two copies of -0^^ . 

Using Proposition IA.2I and reordering the basic morphisms so that the /i's are at the bottom, 
one can see that T admits the following presentation: 

where B is the Borromean tangle, W2 is obtained by pasting copies of /.Jb and Wi is obtained by 
pasting copies of V'b^b' T'± ^t>- 

Let P be the horizontal plane separating Wi from W2. Let P+ (P-) be the upper (lower, 
respectively) half-space. Note that Wq = Wi{B'^'') is a bottom tangle with zero linking matrix 
lying in P-f and does not have any minimum points. Hence the pair (P+, Wq) is homeomorphic to 
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the pair (P+, I trivial arcs). Similarly, W2 does not have any maximum points; hence L can be 
isotoped off P_ into P+. Since the pair (P+, Wq) is homeomorphic to the pair (P+, I trivial arcs) 
one can isotope L in P_|_ to the bottom end points of down arrows. We then obtain the desired 
presentation. □ 

Proposition A. 6. For every good morphism W , the operator J\y preserves gradings in the fol- 
lowing sense. If x G lA^^ ® ■ ■ ■ ®IA^"^ , then 

Jw{x) e (z^fi ® • • • ® ^"") , where (e'l, ...,£;„) = (ei, ... , £,„) + gT^{W). 

The rest of the appendix is devoted to the proof of Proposition IA.6I 

Proof of Proposition IA.6[ We proceed as follows. Since Jx is invariant under cabling and 
skein relations, and by Lemma IA.8I below, both relations preserve gr^ and gr^, we consider the 
quotient of S[D^ \ T) by these relations known as a skein module of \ T. For T = /„, 
this module has a natural algebra structure, with good morphisms forming a subalgebra. By 
Lemma [A . 71 (see also Figure IXfSj) . the basis elements of this subalgebra are labeled by n-tuples 
7 = (71, . . . , 7„) e (Z/2Z)". It's clear that if the proposition holds for W^^ and W^^, then it holds 
for W^^Wry^. Hence it remains to check the claim for W-^'s. This is done in CoroUarv lA.lOl for 
basic good morphisms corresponding to 7 whose non-zero 7j's are consecutive. Finally, any Wj 
can be obtained by pasting a basic good morphism with few copies of iphh- Since J^± preserves 
gradings (compare (3.15), (3.16) in the claim follows from Lemmas IA.7| lA.Sl and Proposition 
EH below. □ 

Cabling and skein relations. Let us introduce the following relations in S{D^ \ T). 
Cabling relations: 

(a) Suppose Ui = 1 for some i. The first cabling relation is L = L, where L is obtained from 
L by removing the ith component. 

(b) Suppose > 3 for some i. The second cabling relation is L = L" — L', where L' is the 
link L with the color of the «th component switched to — 2, and L" is obtained from L 
by replacing the «th component with two of its parallels, which are colored with rii — 1 and 
2. 

Skein relations: 

(a) The first skein relation is U ~ + q~^, where U denotes the unknot with framing zero 
and color 2. 

(b) Let Lfi, Lv and Lh be unoriented framed links with colors 2 which arc identical except 
in a disc where they are as shown in Figure [A. 21 Then the second skein relation is Lji = 

Lv + q^~LH if the two strands in the crossing come from different components of L^, 
and Lji = e{qiLv — q~^LH) if the two strands come from the same component of L^j, 
producing a crossing of sign e = ±1 (i.e. appearing as in of Figure EJif L R is oriented) . 




Figure A. 2. Lr Lv Lh L+ L_ 

We denote by S{D^ \ T) the quotient of S{D^ \ T) by these relations. It is known as the skein 
module of \ T (compare |27) , [28| and [3] ) . Recall that the ground ring is 

Using the cabling relations, we can reduce all colors of L in S{D^ \ T) to be 2. Note that the 
skein module S{C \ !„ ) has a natural algebra structure, given by putting one cube on the top of 
the other. Let us denote by An the subalgebra of this skein algebra generated by good morphisms. 

For a set 7 = (71, . . . , 7„) G (Z/2Z)" let Wj be a simple closed curve encircling the end points 
of those downward arrows with 7^ = 1. See Figure [XTSl for an example. 

Similarly to the case of Kauffman bracket skein module one can easily prove the following. 
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Figure A. 3. The element M^{i,i,o, 



1,0)- 



Lemma A. 7. The algebra An is generated by 2" curves Wj. 

Using linearity, we can extend the definition of Jx to X = T U L, where L is any element of 
S{D^ \T). It is known that Jx is invariant under the cabhngs and skein relations (Theorem 4.3 
of [13]), hence Jx is defined for L G S{D^ \ T). Moreover, we have 

Lemma A. 8. Both gradings gr^ and gr^ are preserved under the cabling and skein relations. 
Proof. The statement is obvious for the e-grading. For the g-grading, notice that 

and therefore gr^(L") = gr^(L') = g^q{L) (mod 4). This takes care of the cabhng relations. 
Let us now assume that all colors of L are equal to 2 and therefore 

m 

e^qiL) = 2 + 3 ^ p^^ + 2m. 

l<2<j<m i—1 

The statement is obvious for the first skein relation. For the second skein relation, choose an 
arbitrary orientation on L. Let us first assume that the two strands in the crossing depicted in 
Figure PV. 21 come from the same component of Lji and that the crossing is positive. Then, Ly and 
Lh have one positive self-crossing less, and Ly has one link component more than Lr. Therefore 

gi-giqiLv) = gr^iLif) -3 + 2 + 1 = gig Lr (mod 4), 

S^qil^^LH) = gT^qiLR) - 3 - 1 = gT^ Lr (mod 4). 

It is obvious, that this does not depend on the orientation of Lr. If the crossing of Lr is negative 
or the two strands do not belong to the same component of Lr, the proof works similar. □ 

Basic good morphisms. Let Z„ be IV^ for 7 = (1, 1, . . . , 1) G (Z/2Z)". 

Zn= I 

Proposition A. 9. One has a presentation 

such that zl^^__^ z^^^ £ v for every j = 1, . . . , n. 
Corollary A. 10. Jz^ satisfies Proposition ] A. 61 
Proof. Assume x G U^^ (E) ■ ■ ■ <E) U^^ , then we have 

Jz. (-) - E ^^^^ ®---®Y. 41.-"4:^- 

Hence, by Proposition ESI we get 

JzSx) e q^'^ (Uq' (g> ■ ■ ■(g>Uq"^ , where ie[, ...,e'J = (£1, . . . ,e„) + (f, 1, . . . , 1). 
The claim follows now from the fact that gr^(Z„) = (1, 1, . . . , 1) and gi'giL) = 2. □ 
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A. 3. Proof of Proposition IA791 The statement holds true for Jz^ ~ C® id|. Now Lemma 7.4 
in [5] states that applying A to the zth component of the universal quantum invariant of a tangle 
is the same as duplicating the ith component. Using this fact we represent 

(A.3) = (lb»"-i ®«"»idT)(JzJ, 

where $ is defined as follows. For x eUq with A{x) = J2^(i) ® ^(2)1 we put 

where the f?-matrix is given hy R ~ ai ® (3i. See Figure below for a picture. 




We are left with the computation of the e-grading of each component of <i>(x). 

In Uq, in addition to the £-grading, there is also the if-grading, defined by \K\ = \K^^\ = 
0, |e| = 1, |F| = —1. In general, the co-product A does not preserve the e-grading. However, we 
have the following. 

Lemma A. 11. Suppose x Cz Uq is homogeneous in both e-grading and K -grading. Then we have 
a presentation 

(x) 

where each a;(i), x^2) "^^g homogeneous with respect to the e-grading and K -grading. In addition, 
for X G Uq, we have X(2) G Uq and isT^I^'^'l S Uq. 

Proof. If the statements hold true for x,y (z Uq, then they hold true for xy. Therefore, it is enough 
to check the statements for the generators e,F'--^\ and K, for which they follow from explicit 
formulas of the co-product. □ 

Lemma A. 12. Suppose x e Uq is homogeneous in both e-grading and K-grading. There is a 
presentation 

such that each Xi- is homogeneous in both e-grading and K -grading, and for x & Uq, Xi^ and 
Xig belong to Uq. 

Proof We put D = J2D' ® D" vi"'>^". Using (see e.g. [7]) 



R = D ( 



we get 

(a:),n,m 



{x). 



n,m 



where we used {id(>^S)D ~ D ^ and D^^{\ ® x) ~ (if^'^l ® x)D^^ for homogeneous x &Uq with 
respect to the /C-grading. Now, the claim follows from Lemma [A. Ill □ 

By induction on n in (jA.2p , given that C E v Uq , Lemma IA.12I implies Proposition IA.9I □ 
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